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Abstract—This paper deals with the state estimation of
stochastic models with continuous dynamics. The aim is to
incorporate spectral differentiation methods into the solution
to the Fokker-Planck equation in grid-based state estimation
routine, while taking into account the specifics of the field,
such as probability density function (PDF) features, moving
grid, zero boundary conditions, etc. The spectral methods, in
general, achieve very fast convergence rate of O(c"V)(0 <
¢ < 1) for analytical functions such as the probability density
function, where N is the number of grid points. This is
significantly better than the standard finite difference method
(or midpoint rule used in discrete estimation) typically used
in grid-based filter design with convergence rate O(%)
As consequence, the proposed spectral method based filter
provides better state estimation accuracy with lower number
of grid points, and thus, with lower computational complexity.

Index Terms—State estimation, transition probability ma-
trix, Chapman-Kolmogorov equation, Fokker-Planck equa-
tion, point-mass filter, spectral differentiation, spectral meth-
ods.

I. INTRODUCTION

The goal of this paper is to introduce the usage of
spectral methods to state estimation, and to show how the
spectral methods can benefit from the efficient grid-based
point mass filter formulation proposed in [1]-[3].

The continuous state estimation starts with a model
described by the stochastic differential equation (SDE), and
stochastic algebraic equation

dx(t) = Ax(t)dt + Qdw(t)

Zyy, = h(xtk) + Vi,

(D
2)

where ¢ denotes the time, the vector x(t) € R™= represents
the unknown state of the system, z;, € R™= the known
measurement, and t, = to,t1,...,7 is a discrete time
instant, when the measurement arrived. The matrix A € R
"e XNz and the function h(:) : R"» — R™: are known,
Q € R"™*"= js a known diffusion coefficient, w(t) is
the state noise modelled by the Brownian motion with
the normally distributed increment with the covariance
matrix E[dw(t)(dw(t))T] = I, dt, and v, is the mea-
surement noise with the known PDF p(vy, ). The state and
measurement noise random variables are supposed to be
independent mutually and of the known initial state xo with
the known PDF p(xg).
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The aim of the state estimation (or filtering) is to
compute the PDF of the state x(¢) conditioned on all
past measurements z'* = [z;,,2q,,...,%,]. The sought
conditional PDF can be either filtering p(x(tx)|z'* ), which
is computed in the filter measurement update step, or
predictive p(x(t)|z'*),t > ti, which is computed in the
filter time update step.

A. Measurement Update

The solution to the measurement update providing the
filtering PDF is given by the Bayes’ rule

P(xey 26, |20=1)  plxe |25 1)p(ze, [x2,)
Pz, |2°F—1) p(ze), |2+ 1)

p(x,|2") =

b

3

where p(x;, |z'*-1) is the predictive! PDF, p(z, |x:,)
is the measurement PDF obtained from (2), and the
normalization coefficient is given by p(z, |z'*1) =
fp(xthe|Ztk_1)p(ztk|xtk:)dxtk'

B. Time Update

The solution to the time update, w.r.t. the SDE (1), is
given by the Fokker-Planck equation (FPE) describing the
time evolution of the filtering PDF to predictive PDF

Opy(x|zt*)

5 = -V - (Axp(x|z"))

1
+ §v (QVpi(x]z™)) , 4)

where ¢ € (tg,tr+1), the operator V denotes the gradient
w.rt. x, and V- stands for the divergence. Further, when
possible, the conditional PDF is written simply as p;(x).

In (4), the first right-hand side term is named hyperbolic
and it describes the advection of the PDF tied to the
state dynamics. The second term is named parabolic and
it describes the diffusion caused by the state noise. The
standard FPE (4) holds for the Gaussian state noise only
[4].

II. FPE EFFICIENT SOLUTION PREREQUISITES

The FPE is exactly solvable for a narrow set of the
SDEs (1). Within the set, it is possible to find the linear
SDEs, for which the solution to the FPE (4) leads to the
prediction step of the Kalman-Bucy filter [5], or SDEs of
special form that are solved by e.g. Bene, Daum, and Wong
and Yau filters [6]. For remaining SDEs, the FPE is not

I'The predictive PDF p(x¢,|zt=1) is equal to the initial one p(xp).



exactly solvable and need to be solved either using model
linearisation or numerically on a grid of points [5], [7], [8].

Before the numerical solution is discussed, the FPE is
rewritten into suitable form allowing simple application of
fast frequency-based numerical methods. The changes are
twofold, first, a diagonalisation of matrix Q is performed,
second, an advection is solved using Lagrangian approach.

A. Diagonalization

First step that greatly reduces the complexity of the
advanced efficient numerical algorithms is a diagonalisation
of the Q in (1) and subsequently in (4). Instead of solving
the FPE for the model with non-diagonal Q, an alternative
diagonalized FPE can be solved

—5pt(5{) =-Vxg- (Ai pt(fc))

ot
5V (VIn®). 5)

where the following substitution was done, Q = GGT,
x = G'x, A = G'AG, and Vx = [575 - 5x0)-
Then the estimation algorithm is run in the state space x. If
the first two moments (i.e. the estimate and its uncertainty)
for the original FPE solution are needed they can be
calculated as E[x] = GE[X], cov[x] = G cov[X] G™L. For
simplicity it is further assumed that Q is diagonal from the
very beginning, which is true for many models such as the
model in the numerical illustration section of this paper.

B. Advection solution

The second step applies a Lagrangian approach to solve
the advection part of the FPE Vp;(x) (Ax) (4). This part is
problematic because the product of p;(x) and Ax depends
on the actual state, which prevents efficient solution in
frequency domain. This part can be disposed of by using -
in a sense - a Lagrangian approach [9, pp. 7].

Let every point of the state-space x € R™* be moving
according to’> X = Ax. Then, the FPE advection part (4)
taking into account the movement reads [10]

V- (Ax pi(x)) = Vpi(x) x + trace(A)p(x),  (6)
where trace(A) is the trace of the matrix A.
The FPE to be solved is then
Opt(x
p({;i ) = —trace(A)p:(x)
1 T
+5V- (Q (v pt(x))) : )
where v = [x 1], and
apt(x) Op: (x T
=y |V, 2] ®)

Compared to the FPE (4), where the PDF is differenti-
ated w.r.t. the time ¢, in (7) it is differentiated w.r.t. observer,
which is moving in time. As will be seen, the remaining
advection term trace(A)p;(x) can be easily handled.

2Movement of the PDF caused by the advection is compensated by
the movement of the observer. Imagine you are one particle of water in
the river, in a simplified way, from your point of perspective, the water
around you is not moving.

III. GRID-BASED ESTIMATION

In this section a grid-based estimation for continuous
dynamics is briefly introduced, starting with usually used
approximation to the PDFs. After that two grid-based
estimation methods are presented; (i) standard basic finite
difference method in state domain, and (ii) is its efficient
formulation in frequency domain.

Methods, are presented in their one-dimensional form
for better understanding of the underlying concepts. Mul-
tidimensional variants can be found in [1]-[3].

The reason for using grid-based methods over mesh-
less methods such as particle methods is that grid based
methods offer deterministic results and are believed to be
more robust [11].

A. Density Approximation

The grid-based filters are based on an approximation of
a conditional PDF p;(x) by a piece-wise constant point-
mass density (PMD) p;(x;&,) defined at the set of the
discrete grid points® &, = [¢7), . ¢ NV gl ¢ ris
as follows
N-1

prxi &) 2 Y Ped ) S {x 6,04},

=0

C))

with

o PAE) = cPi(g). where Pi(g") = pi(€)")
is the value of the conditional PDF p;(x) evaluated at
the ¢-th grid point gﬁ““ (also called PMD point weight),
¢t = O Zf\; P, (55’”')) is a normalisation constant, and
d¢ is the volume of the i-th point neighbourhood,

o &, defines a (hyper-) rectangular neighbourhood* of a
grid point, where the PDF p;(x) is assumed to be
constant and has value P;(¢!""),

o Si{x; £§:’i), 4.} is the selection function defined as

50
=V,

Lif [x® —£7?| <

0, otherwise.

S fx; €0 8 = (10)

o N = (Np)™ is the total number of grid points and
Np, means the number of discretisation points per axis
(pa) for grid with boundaries aligned with the state-space
axes.

B. Finite Difference Method

The finite difference method (FDM) can be considered as
the baseline approach typically used in the continuous grid-
based state estimation, where the continuous conditional
PDF support is approximated by the grid points in which
the differences are computed to solve the FPE.

SMATLAB® / Python® style notation is used throughout the paper for
simple comparison with published codes, where (j + 1)-th element of

vector x¢ is denoted as xij ) and element of matrix &, at (i + 1)-th row
and (j + 1)-th column is denoted as SEN). The indexing is from 0O as it
allows transparent notation for spectral differentiation theory.

4Assumed to be same for each grid point, i.e. the grid is equidistant.



The number of possible FDM numerical schemes is vast,
and their overview can be e.g. found in [12]. The baseline
approach in the state estimation is an explicit scheme with
central difference for diffusion (upwind for advection). The
FPE (7) is solved from t; to tyy1 using [ numerical steps
with length At, ie., | = %

For the FPE (7), and the enforced grid movement

£9) = A, v5, (11)

an explicit 1D scheme can be derived, using shorthand
notation P\ = Ptk+nAt(5§Z)+nAt)’ as

PO = PO~ ARD
252 @ (Pﬂ;“ —2P{) + P,{‘l) n=0,1,...,1, (12)
where 6, = e?2%§,_,. For multi-dimensional case, a

derivative in each direction is approximated by the differ-
ence, see e.g. [12].

C. Efficient Formulation

In standard formulation, to calculate the advection part of
the FPE (4) a product of dynamics Az and PDF p;(z) has
to be done. In practice this equals to Hadamard product
of two vectors. Unfortunately, Hadamard product in the
time domain becomes convolution in the frequency domain.
Therefore, for each numerical time step, the PDF derivative
has to be converted back to the time domain, the product
calculated and the result converted back to the frequency
domain, leading to computational overhead. However, the
efficient FPE formulation (7) circumvents this issue as it
solves the advection term by a grid movement.

The finite difference solution (12) can be rewritten to a
matrix form, forming a tridiagonal matrix

bt Q¢
a; by ay
Faie(t) = ar by ay ; 13)
where a; = Q25Qt, and by = 1 — QAt — AtA. Note that

the coefficients a;, b; are row- mdependent due to the FPE
with enforced grid movement (7).

The resulting prediction, i.e., a numerical solution to the
FPE (7), from the time instant k to k + 1, becomes

Pt(;ll = Fuigr(ty + IAL) - - Faire(tr, + At)Faiee(tx) Pt(;;)a
T
(14)

where the shorthand notation Pt(;) = [P(O) pW

ty Lty 0
T

Pt(kN_l) is used.
It can be shown that thanks to the grid movement (11),
the eigenvector matrix R of time dependent Fy(t) are

constant, while its eigenvalues \; are time-dependent. Thus

T, can be, efficiently, calculated using the eigenvalue and

eigenvector form of Fy(t) as
Tt = R

(Alty + (1 =D)AL ©

k

A,

15)
where Ay is a matrix with eigenvalues )\Ej ) on diagonal.
Because the matrix Fg (13) is Toeplitz, its eigenvalues
are [13]

)\gj_l) = by + 2a; cos (%) J=1,...,N, (16)

and eigenvectors

Sm(J%,T)
= = : ,j=1,..,N. 17)
sm(ll\\[[ﬂ)
For the eigenvector matrix, it also holds that
2
R!'= 18
T N+1 (18)

Therefore, calculation of an arbitrary element T,Ez —Li-1)
reads
N

(j—1,i—1) 2 0 . ilm Y\ . jlm

T =~ N"A e

ty N-i—l; tr Sln<N+1>Sln<N+1
(19)

where ¢ = 1,...,N and j = .., N. Note that cal-

culation of the element T(] L= 1) is independent of any

other element compared to the standard FDM-based (12)
solution. Thanks to this special form, the fast sine transform
S can be used [14] to calculate prediction as

P —s (dlag(Afk) o S(PL >)>

tot1

(20)

where © is Hadamard product. For further information and
multidimensional derivation please refer to [1]-[3].

D. Computational Complexity and Convergence Rate

The computational complexity of predictive PDF calcu-
lation in grid-based method was reduced from O(N?) in
(12) to O(N log N) in (20). However, the convergence rate
is still O(5pz).

Thus, the aim of this paper is to keep the reduced com-
putational complexity and also enhance the convergence
rate in space, i.e., to improve FPE solution with reduced
number of grid points V.

IV. SPECTRAL DIFFERENTIATION

Spectral differentiation (SD) is a method of calculating
derivative of a function in a frequency domain, such as
derivatives present in the FPE (7). The main advantage
of the spectral methods is very fast convergence rate
O(cM)(O < ¢ < 1) for analytic functions [15, pp. 41].

O Aty + At © Aty)) R™

1
)

).



Basic idea of the SD in this case is, instead of calculating
the conditional PMD differences in the state-space domain,
to interpolate the Fourier transformation of the PMD and
calculate its derivative analytically.

Let a one dlmenswnal PDF p;(x) be sampled on a grid
with N grid points £t , where N is assumed to be even,
and let L; = NJ§; be a grid size. Then, the PMD can
be expressed in a frequency domain using discrete Fourier
transform

(S)

Z PY) exp=Fis, 1)

where s =0,..., N — 1 and ¢ is imaginary unit.

To compute derivatives of (21) analytically, a continuous
interpolation in the frequency domain has to be defined. A
unique “minimal-oscillation” trigonometric interpolation of

order N is [16]

0
pi(z) ( )
0<s<N/2

Pt(N/2) (Lt Nx)

Interpolated PMD in frequency domain (22) can easily be
7
differentiated w.r.t. state, 63’; ;(] )

each grid point

=3 ?S(ﬂ(

27

eLt sx +P i—’?sx) +
(22)

and evaluated at

e N )

0<s<N/2 e
cy
N-1 _
=Y P exp e (23)
s=0
The second derivative 8;’; 5;) = p;'(j ) needed for the

diffusion solution, is then given as
) (PPN

; 27 2

1

pt(a)_ }: ( s
0<s<N/2Qt 2

_ 217\;1' js)

"
Ct

2
- (1N> PN/ (1)i
Ly

N-1
— Z pt”(s)
s=0

Applying the derivatives in multiple dimensions is done
by applying successive one dimensional fast Fourier trans-
forms and differentiations. This will be shown later in
algorithmic form.

exp VIS, (24)

A. Illustration of Differentiation

In Figure 1, an error of the time update step using the
FPE (7) for model (1) without advection term (for the sake
of simplicity) can be seen for the filtering PDF p(x, |z'*)
in the form

o the Gaussian mixture with three components,
o the Gaussian PDF.

One prediction step error for Gaussian mixture PDF

—e— Spectral
—o— Standard | {

Sum of abs. pointwise errors

0 \ i i
50 100 150

Number of points
One prediction step error for Gaussian PDF

—6— Spectral
—o6— Standard

200

0.02

Sum of abs. pointwise errors

o

50 100
Number of points
Figure 1: Time update accuracy: convergence for Gaussian

PDF and Gaussian mixture PDF.

200

The fast convergence of the spectral method compared
to standard FDM is evident. However, in the case that
underlying PDF’s are Gaussian a strange behaviour is
observed, where the accuracy starts deteriorate with more
points. Similar behaviour can be seen for example in [17]
without any commentary. Note that, this is not caused
by violating the CourantFriedrichsLewy criterion because
similar behaviour can be seen in the error of derivative
approximation itself.

Our hypothesis is that this behaviour is caused by the
trigonometric interpolation as it assumes the function is
periodic, please see next section for details.Therefore, in
future research we would like to try using the periodic
stnc function for interpolation [15, pp. 20].

The trigonometric interpolation was used nonetheless as
it is simple and shows good performance, as the consid-
ered model with advection (1), (2) is nonlinear and the
underlying conditional PDFs are, therefore, inherently non-
Gaussian.

[lustration of the errors of the calculated predictive PDF
Pty (X]2'%) for N = 80 and N = 200 is shown in
Figures 2 and 3, respectively, for both filtering densities.
It can be seen that for N = 80, the SD-based FPE
solution provides significantly better prediction for both
filtering PDFs. However, for NV = 200 the accuracy of
the prediction using the SD-based FPE solution is worse
for the Gaussian filtering PDF as discussed above.

B. Notes

Considered SD method is intended for differentiation of
the periodic functions, however, PDFs are not mathemati-
cally periodic. Fortunately, when the grid is well designed,
the underlying PDF should always be near zero at the
boundaries of the grid in such case it can be viewed as
periodic in practice [15, pp. 24].
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Figure 4: Computational to physical space re-shaping for
2D space and Gaussian noise.

As an alternative for non-periodic functions that are not
near zero at the boundaries of the considered domain, a
Chebyshev interpolation and differentiation can be used
[15, pp. 41]. However, the grid points have to be Chebyshev
nodes, such a grid has complex structure and is not suitable
for state estimation.

There is a number of other interpolations and approaches
that can be use in spectral differentiation, but for the
sake of this paper, which has aim to prove the superiority
of spectral methods for state estimation in general, the
described approach was chosen.

V. SPECTRAL BASED ESTIMATION

After the advection was solved by Lagrangian approach
and grid movement (7), what remains is to treat the
diffusion term

%V H(QVp(x(t) , (25)
where second derivative of p;(x) is to be calculated.
Because Q is constant and diagonal, the product with p; (x)
can be easily done in a frequency domain.

For simplicity the equations are derived for n, = 1 and
the extension for arbitrary n, is given in the form of the
algorithm.

A. Numerical Time Stepping with Spectral Methods

The coefficients to calculate the second derivate, from
(24), are then

2
2 N, N,
"= — | Zfftshift | ——22 .1 (=2 —1 2
y (Lt t81t< ey ))) . 6)

where MATLAB function £ftshift shifts the zero fre-
quency component to the middle, and colon follows MAT-
LAB notation. The numerical time stepping including the
trace can be, for simplicity (as our main aim here is to




show the spectral method), done using Euler discretisation
time step as [18]

1
A, (P = Pa) = — 3¢

2 n
& Pog1 = (Pn(1 + trace(A))) @ <1 — gAtcg>
= Pn(1+ A trace(A)) @ n,

©® Pry1 + trace(A)P,

where @ is a Hadamard division.

B. Spectral Methods State Estimation Algorithm

The point-mass filter prediction step based on the intro-
duced SD method and Euler stepping is summarised in the
Algorithm below for an arbitrary state dimension n,.

Algorithm: Efficient spectral point-mass filter weight
update
1) Calculate fast Fourier transform of the filtering PMD
weights Py, dimension by dimension: Py, =
"'fwz(fwl(Pthk))
2) Calculate coefficients for gradient:

2

1,: T . Npa . ./ Npa
A (;&)ﬁtshlft(— b o1 (R _1))>
2
cgc(z’:) = - ( 2n - ffishift (—% 11 (% - 1))>

.
Yk
3) Calculate (generally) tensor V., as a product 1, ©
/lptk+At © q/}tkz+2At @ /lptl\t+1 where:

i) =

1
1—0,5c;/,§1’1)Q(1’1)At—0.562’]52’j)Q(2'2)At—'“

4) Calculate the updated weights:

Prrilte = Vi, © Pryje, (1+ Ay trace(A))!
5) Calculate inverse fast Fourier transform of Py, |4,
6) Normalize

Note that, in the algorithm, the terms with ~ overhead
are reshaped to physical space as shown in Figure 4 as
discussed in [1]-[3], and LE:L) is the size of the grid for
m-th dimension.

VI. NUMERICAL ILLUSTRATION

A model of dynamic coordinated turn with known turn
rate « was used [19]. A four-dimensional state x; =
[px vs py vy], which describes the horizontal position
(pz, py) [m] and velocity (v,,vy) [m/s] of the vehicle.

A continuous dynamics model reads

010 0
00 0 —a

A=10 00 1| @7)
0 a 0 0
0 0
10
0 1

where o = 30° is the known turn rate.
An analytically derived discrete dynamics model, used
for comparison is,

Xptr1 = Fxp + wy (29)
1 sin(sz) 0 cos(ag:s)fl
0 cos(aly 0 —sin(aTy
F= 0 1—co(s(aTS)) 1 sin(((sz)) (30)
0 sin(zTS) 0 cos((aTs)
36569 99 0 0 O
50 0 160 0 O
pixo) ~ N oxoi gssgit 1o 0 5 of (0 GY
50 0 0 0 5
p(wi) ~ N{wp; 0, Qa}, (32)
(33)
2(aTs—sin(aTy)) 1—cos(aTy)
1 coas?aT) o
_ ; T
Qd = 062 —aTs—sin(aTy)
o2
aTe_zg(aT‘s) O
0 aTs—sig(aTS)
_ aTs—sig(aTS) (6
2(aTsfs(iln(aTs)) 1—cos(aTs) ’ (34)
a3 aZ
lfcozgaTs) Ts

where, Ts = 1 is the time step.

Note the complexity of both models, at first sight it might
be beneficial to use the continuous dynamics model due to
its simple structure, ) is diagonal, trace(A) = 0, noise is
in two state variables only...

The measurement equation is the same for both models.
The measurement function h is a discrete terrain map’
represented by a table function that assigns vertical position
(i.e. altitude) to each combination of latitude and longitude
it covers. The measurement z; is a terrain altitude below
the vehicle which can be based on a barometric altimeter.

The noise vy, is distributed according to Gaussian mix-
ture PDF with two components (this is simulating terrain
with unmapped bridge or tunnel) [20]

2
1 .
p(vx) = q; SN {vks 0, Py}, (35)
where the particular means and covariance matrices are
given as follows 93 = 0,79 =20, P, = Po = 1.
The results can be seen in Table I for 50 Monte-Carlo
simulations for three filters

« Efficient discrete point-mass filter with Ny, = 34 [1]-
(31,

« Discrete bootstrap particle filter with 10° particles
[21],

SThe map is from Shuttle Radar Topography Mission (SRTM) an inter-
national project spearheaded by the U.S. National Geospatial-Intelligence
Agency (NGA) and the U.S. National Aeronautics and Space Adminis-
tration (NASA), see https://www2.jpl.nasa.gov/srtm/index.html.



RMSE(1)  RMSE(® RMSE®) RMSE® ASTD() ASTD(®  ASTD®) ASTD®  TIME
Efficient discrete  14.6867 13.2812 10.071 6.9791 18.2505 14.989 12.606 8.6158 0.82499
PF bootstrap 19.0446 17.9669 11.9933 9.2139 29.7935  29.1996 16.862 14.1169  0.46089
Efficient spectral ~ 14.4769 13.0677 9.8878 6.8588 18.8222 15.0611 13.1594  8.807 0.41649

Table I: Results for state estimation in tracking scenario.

o Designed SD-based continuous point-mass filter with
Npa = 34 (Algorithm in Section V.B).

The performance of the filters is compared using
« RMSEV) =

M T
’\() m
T"— 1 Z Z th (Xt‘iltk)[ ])2’

m:l k=0

(36)
« ASTDU) =
M T o
T+1 ZZ t]\]t ), 37)
=1k=0

using M = 50 Monte-Carlo (MC) simulations, where

(xgi))[m] is (j 4+ 1)-th element for the true state at time

k and m-th MC simulation, ()Acg )ltk)[m] = E[xgi]_|ztk] its

filtering estimate, and (Pii Ijti yml = var[(xgi))[muztk] the
corresponding filtering covariance diagonal element.

The table indicates, that the proposed filter provides most
accurate and consistent results with the lowest computa-
tional complexity. The higher computational complexity of
the discrete efficient filter is due to a need for two fast
Fourier transform (FFT) transforms and one inverse FFT
(IFFT) as opposed to the efficient spectral continuous filter
which needs just one FFT and one IFFT each step. Also,
in the discrete case where the FFT is used to perform
efficient convolution using the convolution theorem, the
FFT is performed on larger tensors (in general), because
of the need for zero padding [22, pp. 27].

Based on the results, it may be beneficial to use contin-
uous filter as it can be simple, efficient, and accurate.

VII. CONCLUDING REMARKS

The paper dealt with state estimation of continuous in
time model with discrete measurement. In particular, the
spectral differentiation has been introduced for the efficient
solution to the Fokker-Planck equation describing the time
evolution of the predictive PDF. This method preserves the
computational complexity of efficient formulation of point
mass filter O(Nlog N) while achieving superior space
convergence rate of O(cV)(0 < ¢ < 1).

It was shown that the continuous spectral based estima-
tion is less computationally complex and can be defined
and implemented in a straightforward way similarly to the
discrete grid and particle based state estimation. Despite
simple and efficient implementation, the spectral approach
leads to better estimation performance. Moreover, an in-
herent advantage of the continuous state-space model is its

simplicity compared to the discrete counterpart especially
in tracking and navigation areas.

In the future research we will focus on more accurate
time stepping for spectral methods (i.e., an alternative to
Euler method) and on alternative spectral approaches.
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